Born and Oppenheimer reported an approximate separation of molecular eigenfunctions into electronic, vibrational, and rotational parts, but at the end of their paper showed that the two angles describing rotation of the nuclei in a diatomic molecule are exactly separable.
I. INTRODUCTION
In the introduction to their paper, Born & Oppenheimer [1] allude to an exact separation of two rotational coordinates in the diatomic molecule. In their next section, which is applicable to polyatomic molecules, they introduce a coordinate system attached to the nuclei whose orientation is set by the Euler angles, and note that there are terms in the molecular Hamiltonian in which both electronic and nuclear coordinates appear thereby preventing the exact separation of the total eigenfunction into a product of electronic and nuclear eigenfunctions. M Ω (φ, θ, χ). The WigerWitmer paper [2] was the introduction of the rotation matrix elements into diatomic theory. After the Wigner-Witmer paper, the Wigner D-function mostly disappeared from diatomic literature for about four decades. Hirschfelder & Wigner [3] used the D-function in their separation of 6 coordinates (3 for the total linear momentum, 3 for the total angular momentum) for N particle systems, but do not explicitly mention the diatomic molecule. Again not specifically mentioning the diatomic molecule, Curtis & Hirschfelder & Adler [4] repeat the separation of 6 coordinates for N particle systems, and consider the three-body system in detail. Davydov [5] in his quantum mechanics textbook used the D-function in his discussion of diatomic theory. At about the same time, Rubin [6] employed it for his calculations of Hönl-London factors. Pack & Hirschfelder [7] used the D-function to separate two angular rotational coordinates in the diatomic eigenfunction but failed to notice that their Eq. (2.35) holds for all values of the third Euler angle, not just γ = 0. Zare [8] explicitly used the D-function in their case (a) basis function. Judd [9] and Mizushima [10] , in their treatments of diatomic theory, introduce the D-function and discuss its mathematical properties, but do not explicitly display it in their Hund's cases (a) and (b) basis functions. The Wigner D-function has since become a vital mathematical component of diatomic theory, as comprehensively collated by Varshalovich & Moskalev & Khersonskii [11] . However, the exact separation of D J * M Ω (φ θ χ) in the diatomic eigenfunction where the nuclear coordinates φ and θ appear with the electronic coordinate χ has remained essentially forgotten for eight decades.
We give a derivation of the Wigner-Witmer diatomic eigenfunction based upon three fundamental symmetries and the geometrical symmetry of a molecule possessing precisely two nuclei.
II. DERIVATION OF THE WIGNER-WITMER DIATOMIC EIGENFUNCTION.
Here we obtain the Wigner-Witmer eigenfunction by applying three symmetry principles to the eigenfunction of a free conservative system composed of N electrons and precisely two nuclei.
Energy is the generator of translations in time, the time translation (evolution) operator U (t, t 0 ) is a continuous unitary operator, the total energy is a constant of the motion, and the dependence of the eigenfunction on the physical variable time t is exactly separable if the time origin t 0 can be associated with some physical event. Linear momentum is the generator of translations in space, the spatial translation operator T (R, R 0 ) is a continuous unitary operator, the total linear momentum is a constant of the motion, and the total linear momentum is exactly separable if the coordinates R CM of the center of mass can be introduced as physical variables of the system. Angular momentum is the generator of rotations, the rotation operator R(α, β, γ) is a continuous unitary operator, the total angular momentum is a constant of the motion, but the total angular momentum J(φ, θ, χ) is not, in general, exactly separable because except for very simple systems one cannot find physical rotations φ, θ, and χ which duplicate the angles α, β, and γ of coordinate rotation. The diatomic molecule deserves a special place in the quantum theory of angular momentum because it is one of the most complicated systems for which the Euler angles α, β, and γ of coordinate rotation are also the angles of physical rotation describing the total angular momentum J Quantum mechanical descriptions of the diatomic molecule typically begin with the Hamiltonian, but minutia in the Hamiltonian tend to obscure the few fundamentals at play. For example, Brown & Carrington [12] write a diatomic Hamiltonian, their Eq. (2.297), containing 32 types of Hamiltonian terms. We begin our discussion of diatomic theory with the eigenfunction
in which R 1 , R 2 , . . . , R N are the spatial coordinates of the N electrons and R a and R b are those of the nuclei. The total angular momentum quantum numbers J and M refer to the true total. That is, in spectroscopic nomenclature they would be replaced by F and M F . The symbol n represents all other required quantum numbers and continuous indices except the vibrational quantum number v.
The symmetries of translation in time and translation in space produce a separation of the time coordinate t and the spatial coordinates R CM of the center of mass. A two-body reduction of the motion of the nuclei requires placement of the coordinate origin a the center of mass of the nuclei, and then replaces R a and R b with the internuclear vector r. Of the 3N + 7 dynamical variables in the total eigenfunction (1), 3N + 3 remain in the internal eigenfunction r 1 , r 2 , . . . , r N , r |nvJM .
The axes of the translated coordinates r 1 , r 2 , . . . , r N , r are parallel to those of the original laboratory coordinates R 1 , R 2 , . . . , R N , R a , R b . We now address how rotational symmetry influences the internal eigenfunction.
Operation of the rotation operator R(α, β, γ) on the internal eigenfunction yields
where primes denote rotated coordinates given by
The effect of R(α, β, γ) on the eigenfunction can be rewritten as
When the spherical coordinates of the internuclear vector r = r(r, θ, φ) are introduced, the equation
The internuclear distance r is unprimed on the right because it is a scalar. Because physical rotation φ and coordinate rotation α are both counterclockwise rotations about the z axis, the physical angles φ ′ is given by
Similarly, physical rotation θ and coordinate rotation β are counterclockwise rotations about the first intermediate y axis of the total coordinate rotation.
Rotational symmetry gives us the option to view the molecule at any orientation we choose, and we choose α = φ and β = θ.
The rotated coordinates of the one of the electrons, we arbitrarily select the electron labeled 1, are expressed in cylindrical coordinates ρ ′ 1 , ζ ′ 1 , and χ ′ 1 .
The chosen electron is distance ρ ′ 1 from the internuclear vector and signed distance ζ ′ 1 above or below the plane perpendicular to the internuclear vector and passing through the coordinate origin. The angle χ ′ describes rotation of this electron about the internuclear distance. Like the internuclear distance r, primes on ρ ′ 1 and ζ ′ 1 are unnecessary because they are scalars whose values are unchanged by coordinate rotation. Because χ ′ 1 and γ are rotations about the same axis, coordinate rotation changes, of course, the value of χ ′ 1 , but this also means that this angle has a value χ 1 in laboratory coordinates. The coordinate rotation angle γ is chosen to make χ ′ 1 zero,
The equation for the eigenfunction now reads
after the subscripts on ρ 1 , ζ 1 , and χ 1 have been dropped. This result is the Wigner-Witmer It is noteworthy that eigenfunctions for a rotational state of the diatomic molecule usually contain parity, in other words, parity symmetrization is customary. Inclusion of the discrete parity symmetry is accomplished after the construction of the Wigner-Witmer diatomic eigenfunction.
The parity operator can be constructed from proper and improper rotations that have a determinant of the transformation matrix of +1 and -1, respectively. Subsequently, Equation 2.14 for the eigenfunction can be split for specific values of Ω followed by parity symmetrization. The approach of including parity for specific values of Ω has been utilized in the literature in order to reduce the size of the Hamiltonian matrix prior to finding eigenvalues by diagonalization. In our work [13] , the parity operation is considered after establishment of the eigenfunction in terms of J and M as sum over Ω in Eq. 2.14.
Clearly, as electronic states for the diatomic molecule are considered, parity is paramount for building these states utilizing the Wigner-Witmer correlation rules [14] . Yet in this work we focus on the use of the Wigner-Witmer eigenfunction for computation of spectra, rather than molecular structure predictions in non-Born-Oppenheimer calculations for molecules [15, 16] .
III. DISCUSSION AND CONCLUSION
The mixing of the electronic coordinate χ with the two nuclear coordinates φ and θ in
is an obvious departure from current expositions of diatomic theory. However, the exact separation of the total angular momentum basis from the electronic-vibrational basis proves useful. For example, writing the parity operator P as the product of a proper rotation P αβγ and an improper rotation P Σ ,
one obtains a simple equation for the parity of diatomic states. The eigenvalue of P is, of course, ±1, and the product of eigenvalues p Σ p αβγ ,
is always ±1 as required. Sign changes due to parity can show different effects on the Wigner D-function. Depending on the specific rotation group, the effect can be expressed in terms of J and M or in terms of J and Ω. Table I summarizes the sign changes due to parity. These results are consistent with the ones presented by Varshalovich & Moskalev & Khersonskii [11] .
Note that for half-integer J in Equation (3.2), the individual eigenvalues p Σ and p αβγ are purely imaginary. A widely accepted convention allows one to treat the parity eigenvalues p Σ and p αβγ as 
real for both integer and half-integer J [17] . If one agrees to always subtract 1/2 from half-integer values of J, then the diatomic parity can be written as
in which p Σ = ±1 is always real. 
where Ω = Λ + Σ. Written in our notation, current practice replaces the above with
The total angular momentum is not exactly separated in this equation and there is the sum over 
